The topological insulating phase results from inversion of the band gap due to spin-orbit coupling at an odd number of time-reversal symmetric points. In Bi 2 Se 3 , this inversion occurs at the Γ point.
I. INTRODUCTION
The discovery of the topological insulating (TI) phase of materials has garnered intense interest from the condensed matter physics community and spawned numerous investigations to explore the nature of its origins and effects.
1-6 These materials have an insulating gap in the bulk, while also possessing conducting, gapless edge or surface states that are protected by time-reversal symmetry. The prediction and observation of this phase have been made in real materials, [7] [8] [9] [10] [11] [12] [13] reinforcing its status as a topic of interest and importance. While most investigations have focused on fundamental physical properties, the unique properties of the topological insulating phase suggest several practical applications, including spintronics and quantum computation. [14] [15] [16] [17] However, significant progress towards technological applications will require deep understanding of the dependence of the fundamental physics on material structure and composition. In this work, we investigate the relationship between the topological insulating phase and the elastic properties of bismuth selenide. Bi 2 Se 3 is chemically stable, easy to synthesize, and exhibits a robust topological phase. Combined with the existing theoretical and experimental studies, 11, 12, [18] [19] [20] [21] [22] [23] [24] it has emerged as the prototypical topological insulator, and is a natural choice for a preliminary investigation. There has been some interest in the effect of mechanical strain on topological effects, 25, 26 but to our knowledge no systematic investigation has been performed. Here we use ab initio methods to evaluate the elastic properties of Bi 2 Se 3 , and to connect these to the properties of the topological insulating phase.
II. METHODOLOGY
Density functional theory calculations were performed using the to their experimental values, the atomic coordinates were relaxed to generate the reference structure. It should be noted that the calculations give significant, nonzero stress for the crystal in this geometry.
Various strains were applied relative to the reference structure, including positive and negative uniaxial and shear strains up to 2%, as well as several combinations thereof. The atomic lattice coordinates were relaxed for each strain configuration, and the total and band gap energies were computed both with and without spin-orbit coupling. Multiple regression analysis was performed to find the linear and quadratic dependence of the energy on strain tensor components. This yielded the elastic stiffness and stress tensors.
It is known that in bismuth selenide the topological index distinguishing ordinary insulating from topological insulating behavior is controlled by band inversion at the Γ point.
Thus, a band gap stress σ Γ and band gap stiffness c Γ were defined as the linear and quadratic coefficients relating the Γ point band gap to strain, by the same procudure used to determine the elastic tensors.
In both cases, only the tensor elements unique under the symmetry operations of the space group of bismuth selenide (R3m, No. 166) were allowed as degrees of freeedom. The stiffness and stress tensors, in Voigt notation, must have the forms 
III. RESULTS AND DISCUSSION
The bulk crystal structure of Bi 2 Se 3 is rhombohedral with space group D Fig. 2 shows the band structure with and without spin-orbit interaction, and both are in excellent agreement with previous results.
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The computed elastic and band gap tensor components are given in Table I and Table II , respectively. First, we note that the gap stress shown in Table II its hopping coefficient, increasing the topological gap. Thus, comparing the gap stress with and without spin-orbit interactions provides some insight into the effects of strain on the essential physics of the system.
Using the above tensors, we can predict that the topological phase transition will occur at 6.4% uniaxial strain in the <111> direction. In Fig. 3 , the onset of the topological insulating phase at 7% strain can be observed through changes in the band structure as strain increases.
At the transition point, the Dirac cone characteristic of the phase transition is distinctly observable. Of course, such strains are difficult to achieve experimentally. According to the computed elastic tensors, around 2 GPa of uniaxial tensile stress would be required to drive the phase transition, well past the yield stress. However, large strains may be possible by introducing internal stress through chemical substitution.
Bi 2 Te 3 is a very similar compound to Bi 2 Se 3 , differing only in substitution of the larger In order to generate an appropriate reference structure for comparison, Bi 2 Te 3 was relaxed under identical external stress as the reference Bi 2 Se 3 (this is labeled "Bi2Te3(reference)").
The results are shown in 
IV. CONCLUSION
We have shown that strain is an important parameter for influencing the topological insulating phase. For bismuth selenide, the direct band gap at the gamma point, where band inversion occurs, responds to elastic deformation in a way that can be described by adapting the formalism of continuum mechanics. The critical strain at which the topological phase transition occurs was predicted using the derived band gap stress and stiffness tensors and observed in the computed band structure as a Dirac cone. While it may be possible to tune the band gap with external stress, more interesting is the potential for inducing strain via chemical substitution. Viewing bismuth telluride as chemically strained bismuth selenide, however, fails dramatically, hinting at a complex relationship between chemical composition, material structure, and the physics underlying the topological insulating phase. 
